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GALOIS' THEORY OF ALGEBRAIC EQUATIONS.* 

PART I. RATIONAL RESOLVENTS. 

By James Pierpont. 

Introduction. 

If we look over the solutions of the various algebraic equations obtained 
by the ordinary methods, we observe that they all have this in common : the 
solution of the given equation /(.r) =0 is made to depend upon a number of 
simpler equations : 

/,(x)=0, Mx)=0 

called resolvents. Such a system of resolvents is obtained in each case by 
more or less artificial and ingenious methods, and each new equation requires 
for its solution the invention of a new method. 

The Galois theory proposes a general and uniform method of finding these 
resolvents, free from all artifice. It shows that every equation has an infinite 
number of such systems and makes clear their relations to one another. In 
every case it indicates how they may be found by a finite number of operations. 
If the equation can be solved algebraically, i. e. by the extraction of roots 
from known quantities, this fact is made manifest as well as the mnnner in 
wl)ich the solution is to be effected. If an algebraic solution is impossible, it 
shows us what fundamental irrationalities must be introduced, in terms of wiiich 
the roots can be expressed. 

Galois' theory is a combination of two theories : the theory of rational 
functions of several variables, and the theory of sultstitution groups. Its chief 
claim to our attention is the broad and clear insight it affords us into the nature 
of algebraic irrationalities and their mutual relations. 

We propose to develop the subject by giving the reader in Part 1 a rapid 
apergu of the theory as a whole ; in Part II we shall return to take up certain 
more difScult points, or questions of detail which are better treated after one 
has the main features in mind. The first part is complete in itself and will 
give the reader who does not care to go further the most essential principles 
of the subject. 

*The following pa^es consist of a reproduction, with slight alterations, of parts of a coarse 
of lectures delivered in September 1896 at the Buffalo Colloquium held under the auspices of 
the American Mathematical Society. 
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Pkeliminart Aloebkaic Ideas. 

1. The ooeffloients. These are either constants or variables. As vari- 
ables several cases are possible. For example, they may be independent vari- 
ables, or they may be rational fanctions of other variables. These last may 
themselves be independent or related by algebraic equations. 

Examples. V, The equation defining the imaginary fifth roots of unity : 

{a) 05*4-3^4-032 + 05+1 = 0. 

Here all the coefficients are constants. 

2°. The equation defining x = tan <^/4 in terms of ^ = tan «/> : 

4 4 

{b) xHtX-''— Gx«— -x+ 1=0. 

t c 

Here two cf the coefficients are rational functions of the independent variable 
t, the other two are constant. 

3°. The equation defining x = ^ (u/2, g«, g^) in terms of ^ = P (m) : 

(c) 0!*- 4p x« + ig'2a;* + a; (2 5-3 +jJ5rs() + {-^gl+p gi)=(i. 

The coefficients are here rational functions of three independent variables 

^. 9i^ 93- 

4°. An equation whose coefficients are independent variables is got by 
taking n such variables ttj, a J, . . . a„, and building the equation: 

{d) a;» + CiO;»-'4-a2a;""^+ • • • +a„ = 0. 

Definition. The equation (rf)is said to be the general equation of degree n, 
5°. Examples of equations whose coefficients are rational functions of 

variables which themselves are related by algebraic equations may be found in 

§ § 34, 35, 36. 

2. Domain of Ratioiialily. This notion is one of the most impor- 
tant in the whole theory. Let X, ^, r, . . . o) be certain constants or variables 
finite in number. The quantities which can be formed from these by a finite 
number of additions, subtractions, multiplications, and divisions form a system 
which we call a domain of rationality and denote by R, or more explicitly by 
1( (\,fi, V, ... or). 

Examples. 1'. The domain ^(1). This embraces the rational numbers. 
Eveiy domain must contain this one. For if iZ be any domain and Xany ele- 
ment in it, then by definition X/X = 1 is in R, and hence all rational numbers, 
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i. e. H (1), are contained in S. For this reason i? (1) is sometimes called 
the absolute domain. 

2°. Let €. = e«'*'/»,/e = l, 2, 3, 4 be the roots of (a) in § 1. With 
any one of these, say cj, we can generate a domain B — R {e{). Consider 
also the domain B' = i2'(e„ cj, e,, €4) . Apparently B' is larger tiian B ; they 
are however identical. For, every element of i2 is evidently in Iff ; on the 
other hand since e^, e^, e^ are only ej, r^, e*, these lie in B. 

Definition. When all the elements of a domain B lie in a domain B' we 
say B is contained or lies tni?*; symbolically B^= B' (B, . . .). 

3°. As a final example take g^, g^p, of §1, 3''. These form a domain 
B (ffs, ffi, p) which contains the coefScients of (c) • 

Other examples in great number will occur in the following pages. 

Definition. When certain quantities f, 17, . . . do not lie in B = 
i?(\, fi, . • <») we may enlarge B by adjoining them, generating the new do- 
main R'= R' (X, /*, . . o), f, 77, . . .)= R' (R, f, jj, . . .). 

3. Batioaal functions for R. In elementary algebra and in the func- 
tion theory, a rational function of certain quantities u, v, w, . . .is the 
quotient of two expressions of the type 

(1) 2 Cu''v^w'' . . . 

where a, b, c, . . . are positive integers, and the Cs are constants or quantities 
independent of u, v, w, . . . Observe that the u, v, w, . . . may be constants 
or variables. 

Now in Galois' theory the term rational has a narrower sense. It is never 
used except in connection with a domain of rationality. 

Definition. An integral rational Junction qfu,v,w, . . . for the domain 
R is an expression of the type ( 1 ) where the Cs lie in R. The quotient of 
two integral rational functions is a rational function. 

In the future we shall use these terms in this sense only. 

Definition. All quantities lying in a domain of rationality are said to be 
rationally known with respect to that domain. 

Thus if ^, g, r, . . . be certain quantities, constants or variables, which 
lie in R, any rational function as <f> (p, q, r . . .) ia rationally known with re- 
spect to R. But it frequently happens that rational functions of certain quan- 
tities^, q, . . . are rationally known although^, q, . . . themselves do not lie 
in the domain in question. 
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Examples. 1". Consider equation (rf) of § 1. Let its roote be x^, Xj, . . jc, 
As domain of rationality take R (oj, Cj, . . a„). Then certainly jcj, «j, . . x, 
are not rationally known. But any rational symmetric function ^(xjjXj . . x„) 
of the roots is rationally known, since ^ is a rational function of the coeffi- 
cients a-i, . . a„. 

In this connection, we will prove the elementary 

Theorem. Let Rhe a given domain, and 

/(x)=x» + ajX"-»+ . . . +a„ = 

an equation whose coefficients lie in R. Let its roots be fi, f., . . f„. 27ienan 

integral rational symmetric function qfn—lof the roots, say f j, fs • • • f n> ** 
an integral rational function of the retnaining root fj. 
In order to prove this we note that in the quotient 

^(^)= /^ = *""' + '^i*""' + ^2*"-" + • • • + /8„.i 

X — fj 

the coefScients )8 are integral rational functions of fi with respect to R. This 
is seen by multiplying both sides by x — f j and equating the coefficients of 
like powers of x. Hence g{x) = is an equation whose coefficients lie in 
R' = R'(R, ^i). An integral rational sjonmetric function of its roots 
tif ^s • • ■ ^n lies in R', and is, moreover, integral with respect to f j. 

2°. Consider (a), § 1. Take R(l) as domain. For this domain ej, ej, €„€^ 
are certainly not rationally known. But here not only are the rational sym- 
metric functions of the e's rationally known, but a large class of other ra- 
tional functions. For example 

<f>(€i, €4, ej, €4) = €„, €5^ m = 1 , 2, 3, 4. 

In fact e„ e6_i,= 1, which of course lies in R(l). 

Definition. An equation is said to be a rational equation with respect to a 
domain R, when its coefficients lie in R. 

4. Reduoibility andlrreducibility. Definition. ljetF{x,y,z,. . .) 
be an integral rational function of the independent variables x, y, z, . . with 
respect to a domain R. We say F is reducible for R when there exist two 
integral functions 0{x, y,z, ....), H {x, y, z, . . .), rational with respect to 
R, such that F= OH. G and ^Tare called rational divisors or factors of F. 
When no such functions exist F is irreducMe. Observe that the above defini- 
tion, depending essentially upon the notion of a rational function, has no sense 
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unless taken in connection with a definite domain. As we shall see, we com- 
monly use several domains in one and the same course of reasoning. The be- 
ginner often forgets that results valid for one domain do not necessarily hold 
true for another on account of the relativity of the ideas we have just intro- 
duced. In this way great confiision may arise. A little care at first, which 
soon becomes a habit, will prevent this. 

Examples. For simplicity take a single variable. 

1°. For i? (1), i?'(a;) = a;* + 1 is a rational function of X. ForJ?(l)itis 
irreducible. For if reducible, it must split up into two rational factors x-\-a, 
X + ft. On solving F {x) = we see that its factors are x -|- t, x — i. This 
shows that ^(a;) is reducible in B (i). 

2°. For R{1), F{x) = a;* + x + 1 is irreducible. For R{p),p = e''*/*, it 
is reducible, since F={x — p) (aj — p^) . 

The notion of reducibility plays an absolutely fundamental rdle in Galois' 
theory. At every turn we are met by the question : is an integral rational 
function F («, v,w, . . .) reducible with respect to M, or not? If it be redu- 
cible, we want to find its irreducible factors. 

We owe to Kronecker a method whereby we can decide by a finite num- 
ber of rational operations whether F is reducible or not ; if it is reducible the 
method gives us its irreducible factors, and shows that this decomposition of F 
into irreducible fectors is unique. 

Observe that these facts are generalizations of the corresponding ones for 
integers. In arithmetic we are taught to decide whether a given integer is 
prime or not ; and if not prime, to find its prime factors. This decomposi- 
tion into prime factors is also unique. In Part II we propose to take up this 
subject. For the present it will suffice to take as definition of reducibility the 
logical one just given. 

Definition. The domain of rationality being M, the rational equation 
f(x) = is said to be reducible when/(x) is reducible ; otherwise f[x) = 
is an irreducible equation. 

Theorem. IM f{x) = 0, g{x) = be rational equations for the domain 
It, and let f(x) =0 be irreducible for this domain. If g{x) = admits one 
root of f{x) = 0, it admits all the roots of f{x) = 0. The function g{x) ad- 
mits f{x) as a rational divisor. 

For let : 

f(x) = (a;-f,) . . . (x-f„), g{x)={x-riC)- ■ -{x-r,^). 
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If some of the f s are equal to some of the jj's, say fj = ijj , . . f ^ = j;^, then 

h{x) = {x-^i) . . (a;-f.) 

is a divisor of f and g ; it is in fact the greatest common divisor of/ and g. 
But elementary algelira teaches how such a divisor may be found and the 
method employed shows that the coefficients of h(x) lie in M, i. e., h{x) is a 
rational divisor of /(x). Hence f{x) = h(x) k (as), where A; is a rati(mal in- 
tegral function of a;. If now k be not of zero degree, i. e. a constant, f{x) is 
reducible. This is contrary to hypothesis. Hence, k being a constant must 
equal 1. Hence /(as) =■ h{x) and this is a rational divisor of ^'(a;). There- 
fore g(x) = admits all the roots oif(x) ^ 0. 

5. Equality. Before leaving these preliminary algebraic notions we 
must state clearly what we mean by the terms equal and unequal. 

As long as the quantities we are dealing with are constants, equality and 
inequality are of course the siime as in arithmetic — they are numerical. What 
do we mean however by the equation 

<^(i>, q, . . .)=f{p,q, . . .) 

<f), yjf being rational functions of the variables^, g ... for a domain i2V In 
general R will contain variable elements which then may enter the coefficients 
of (}), yjr. Let us write the above equation as follows : 

(1) 4> (Vl» Vi, . . . Ci, Cj, . . .) =-^(Vi, Vi . . . Ci, Cj . . .), 

where Vi, Vj . . represent now all the variable elements in ^, tfr, among which 
will hep, q. ... , while Ci, Cj, . . . represent constants. 

Definition. By an equation of the type (I) we mean that for each and 
every set of numerical values v„ Vj, . . . can take on, consistent with their defi- 
nition, the resulting numerical value of <^ is identical with that of ■^. 

When no two of the quantities <^, ■y^, x, . . . are equal we shall call them 
distinct. In Part II we shall show how to determine by a finite number of 
operations whether two rational functions ^, i^ are distinct or not. 

Sdbstitutions. 

6. Definitions and first principles. Suppose we have n things, or 
elements. To distinguish them, we may represent them by marks as a, 5, c, . . . 
or by 1, 2, . . . n. 

The operation which replaces a by any one of these n elements, say by a', b 
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by any one of the remaining n - 1 elements, say by e', etc. is called a substitu- 
tion and is represented by 

(a b c . . .\ 
a'b'c' . . .)' 

Example. As elements let us take the four roots of a biquadratic equa- 
tion, Xi, JCjj, Xj, x^. Consider any rational function, say 

<^ = aji a^ + Xg Xi. 
The operation 

^ ^ /Xi «j Xs XA 
Vxj Xi Xj xJ 

converts ^ into Xj Xi + Xj X4 which we may represent by ^,. 
The substitution 



/X^ X2 X3 XA 

~ \x.2 ail Xi X J 



converts (^ into ^< = Xj Xj + x^ X;,. 

Theobem. The number of substitutions on n things is n ! 

For, to every permutation of these n things will correspond a substitution. 

Example. Take n = 3, and represent the elements by 1, 2, 3. The 3 I =36 
permutations are 1 2 3, 1 3 2, 2 1 3, 2 3 1, 3 1 2, 3 2 1, giving the substitutions 

/I 2 3\ /I 2 3\ _ /I 2 3\ 

''1-112 3; *^-Vi3 2; ''''-V213; 

/I 2 3\ _ /I 2 3\ _ /I 2 3\ 

^*-U3i; '"'-Uia; *''-V3 2i;- 

In a substitution we can leave out an element which occurs twice in the 
vertical line. Thus we can write 

'2 3\ /I 2> 



= (32) ^^* = (2l)' 



In writing down a substitution it is customary to write the top row in a 
natural order, but this is not necessary. Thus 

'1 2 3\ ., /2 1 3> 



/I 2 3\ ., /2 1 3\ 
(2 1 3) *"<^ (1 2 3) 



indicate the same operation, viz. : that 1 is to be replaced by 2, 2 by 1, 3 by 3. 
Identical substitution. We observe that Sj leaves every element un- 
changed. Such a substitution we call in general an identical Substitution. 
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Product. If we effect first a substitution s, and then a substitution t, the 
result of the two is a substitution u. We say u is the product of s and t and 
write u = 8t', the order of the &ctors from left to right indicating the order in 
which the operations are effected. 

Similarly z = sty is the substitution which arises when we apply first «, 
then t and finally y. As 8 < ^ u we can also write z = uy. 

Examples. s^, s^ • • • • Sg being the above substitutions we have 

/I 2 3\ /I 2 3\ /I 2 3\ 

** ^'-\i 3 2; V3 1 2;=V3 2 1;=*«' 

/I 2 3\ /I 2 3\ /I 2 3\ 
s,s,s,^s,s, . ., = .« . .,=(^3 2 ^(^ 3 J = (^^ 3 2) = «,. 

Let A^ = a;i + 2x.2 — 5x3. As no ambiguity can arise, we can represent a sub- 
stitution on these roots as 

^x,x,x,\ /12 3\ 

where I'l i^ 13 are 1, 2, 3 in a certain order. Then 

<^, = zi + 2xs - 5Xi, <l>,^_, = 35, + 2a;j - 5a;, = <^,^, <^,^,^,^ = Xi + 20-3 - bx^ = <f>, . 

Notation for identical substitution. If in any product of substitutions 
jp =st • ■ w one of the factors is the identical substitution, this factor evi- 
dently has no effect ou the result. It plays, thus, a rdle analogous to unity in a 
product of numbers. For this reason it is convenient to designate the identi- 
cal substitution by the symbol 1. 

Powers. The product S'S is represented also by «*, similarly s* stands for 
« s .s =«*•« = «.«* etc. 

Observe that multiplication of substitutions is associative. In symbols 

St.U= S'tU. 

Multiplication is not, however, in general commutative, that ia st :^ ts in 
general. This is shown by simple examples. Thus 



/I 2 3\ /I 2 3\ 

'-V32i;-''« •'»**- V2 1 3J = ''''' 



Order of a substitution. Consider the indefinite sequence 
s, s«, «», s*, 

where « is a substitution on n elements. As the number of such substitutions 
is n !, i. e. finite, not all the above substitutions can be distinct. Say «"=«*; 
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let/3 = a + »i. Then «" = .'»"+'" = «"•«'" ; that is, .s™ leaves «" unchanged. Hence 
8"=^ 1. If m is the least integer for which .«"• = !, m is called the order of s. 
Then 1, «,«',«*,•• • «■"-' are distinct. 

Inverse substitution. If tj, i-i,.- • i„ represent a pennutation of 1, 2, • • n, 
any substitution on the n elements 1, 2, • • n is represented by 

To every substitution s corresponds one and only one substitution t, such that 
st= 1, viz., 

Example. n=5, -^ = (3 i 4 5 -,) ' <^b«° ^ = Vi 2 3 4 sj' 

Evidently if .s?= 1, we have also <«= 1. The substitution « corresponding to 
>s so that .s'< = ^s = 1 is called the inverse substitution and is denoted by a"'. 
Then s »"' = s-^ s=l. 

Theorem. From ab = ac we have b = c. 
For, multiplying left handed by a-^, the first equation gives a-%-b = a-^a-c or 
b = c. Smiilarly from ft a = c a we infer that b = c. 

r, 1 o u .-. .• ri /12 3 45\ , /325147 6\ ... 

Cycles. Substitutions like * = (qojKi) ^^ ^~\9 r.-\ at r^) ^^ich re- 
place the first element in the top row by the second, the second by the third 
and so on till finally the last element of the top row is replaced by the first, are 
called cycles or circular substitutions. "We can represent them more shortly ; 
in fact, 

fabcd..kl\ -x / I 7 7x 

( , , , J we write (a oca../). 

\b c a . . . I aj ^ 

Then a=(I2345) ,< = (3 25147 6). Observe that it is immMterial where 
we begin to write a cycle, if we only preserve the relative order of the marks. 
Thus for example « == ( 1 4 7 6 3 2 5). 

A simple reflection shows that every substitution can be represented as a 
product of cycles. 

Th-^^ G ! 3 10 6 n 9 5 r' 'J)=(l 7 9)(2 4 10)(3)(5 6 11 8). 
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7. Substitation Groups. Let «i, s^, • • «„ be a system of distinct 
substitutions such that the product of any two of them is a substitution of the 
system. Such a system is called a group ; we denote it by 6? = j « , , »j , • • •«»,(• 
The number m of substitution in G is called its order ; if its substitution 
affect n elements G is of degree n. 

Examples. V. The n ! substitutions which can be made on n things. This 
group is called the symmetric group. We denote it by S„. Such a group is 
j «! = 1 , S.J, s,, «4, «5, «e j of the last paragraph. It is of order 6 and degree 3. 

Definition. Let ^ (xj . • x„) be a rational function of the roots of an 
equation. Apply to ^ a substitution a. If ^, = <^ we says leaves ^ un(dtered 
or unchanged ; otherwise s alters or changes <l>. 

The substitutions of the symmetric group leave every rational sjTnmetric 
function of Xj, Xj, • • x„ unaltered ; whence the name of this group. 

2°. Let s be any substitution of order to. Then 

form a group of order to, which is called a cyclic group. 
Thus if«=(23 154)= (12 3)(45), then 

1, s, «« = (13 2) , »»=(45), «<=(123), a»=(132)(45) 

form a cyclic group of order 6 and degree 5. 

3°. The substitutions K, common to two groups G, H, form a group. For 
if a, b are common to G, H, so is their product a b. 

Every group G contains the identical substitution. For if a be any sub- 
stitution of ©,«*,«*... are in G. But, for some power, «•" = 1 . If « be 
any substitution of G so is sr^. For, let s be of order to ; then «■* = «"■*. 

Subgroups. Let G= \ a=\,h, c, ■ • I, a, /3, • • . | be a group of 
order g. If certain of its substitutions a = 1, i, c, . . . I form a group 
H= j o = i,b,c, • • / j , ^ is said to be a subgroup of G. Let its order be h. 
The ratio g : h= r is called the index of If under G' 

Theoebm. The index r is an integer. For, let us form the array, 

a = 1 b c • • • I 
A ; A'x bsx csi • • • Isi 

."?2 i«2 CS.2 • • • ISi 



as follows. In the first row put the elements of H. Let s^ be a substitution 
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of G not in H. With this we form the second row of A as indicated. No 
two elements of this row are equal. For, if 6«i = c«i we have 6 = c (§6). 
No element of the second row is in the first row. For, if j be an element of 
the first row and Tcs-^ an element of the second, so that j = ksi, then Ariy=Si. 
But kr^j is a substitution of Awhile «i by hypothesis is not. Hence the ele- 
ments of the first two rows of A are distinct substitutions of G. If these do 
not exhaust all the elements of G, let s^ be a new substitution of G. With 
this we form the third line of A ; and these substitutions are diflTerent from 
each other and from the former ones. Continue till all the substitutions of G 
ure exhausted. The array 4 is then complete; it contains each substitution 
of G once and once only. The fact that we can form such an array shows 
that A is a divisor of g. 

The Galgisian Resolvent and Group. 

8. Construction of n! valued functions. Let 

/(a;)=x'»4-aiX»-i+ • • • +a„ = (A) 

be an equation to be solved. The first thing to do is to choose a domain of 
rationality R. The nature of this domain depends partly upon the equation, 
and partly upon our own pleasure. In any case it must contain the coeflScients. 

Without loss of generality we can suppose that the roots Xi, a^, . . . a;„ of 
(A) are distinct. For, if (A) has equal roots, we can replace it by another 
equation g{x) = 0, whose roots are distinct, got by dividing out from f(x) 
the greatest common divisor of /(«) and /'(«). The equation g{x) =0 is 
rational for M. 

We wish now to form a n ! valued rational function of the roots. To this 
end we introduce n new variables «i, tt,, . . . m„ which we adjoin to B forming 
the domain R'. Consider the rational function of the roots : 

Vi =UiXi+ +UnX„. (1) 

Apply the n ! substitutions of the symmetric group S„ = J .^i = 1, ''h> • • • s„,\Ui 
it, and lets, change Fi into F, = m«,Xi+ • • • • u,x„. Build now the equation 

F(t',uu u„) = (t-V,){t-V,) .• ■ (<-F„,)=0. (2) 

The coefficients, being integral rational symmetric functions of x^, ojj, . . . x„, are 
integral functions of aj, • • • a„. They will also contain m,, Mj, . . . m„ in an 
integral way. The equation F{t)=0 is thus a rational equation with respect 
to R'. The discriminant will be a rational in tegiul function I)(ui, . . . u„) of 
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Ml, . . . w, whose coefficients lie in R. In Part 11 we shall show that it is 
possible in an infinite variety of ways to give the m's such values aj, . . . o„ 
lying in R, that 2)(aj, , . . o„) ^i 0. The corresponding equation 
F{t ; o,, . . . o„.) = is now a rational equation for R, and all its roots are dis- 
tinct. Thus Fi = Mj ajj + . . • w„ «„ is a n ! valued function for an infinite 
number of sets of values of «i, . . . «„ lying in R. Besides this particular 
function there are an infinity of other n ! valued rational functions of the roots 
of {A) as may be readily shown. For our purpose, Fj will suffice. 

9. Indeterminates. On replacing the «'s by the o's these variables 
disappear. Their introduction was to show the existence of i-ational functions of 
the roots of {A) which are n ! valued. Such auxiliary variables which we in- 
troduce to aid our reasoning, and which at any moment can be made to dis- 
appear by giving them appropriate special values, are called indeterminates. 
In a primitive way they aie used by all mathematicians. Kronecker has shown 
that they are an implement of immense power in algebraical speculations. 
Since in the end we always replace the indeterminates by values lying in our 
domain, we shall suppose, without further mention, that our domain contains in 
advance as many of these auxiliary variables as we see fit. to use. 

10. Oaloisian Resolvent. Return to the equation (2),§ 8. We 
will suppose that the u's have been left indeterminate. If (2) is reducible let 

i^(<) =G,(<; t<], . . . M„) Gi{t;Ui, . . . M„) . . . 

be its decomposition into in-educible factors. Any one of the equations 
G,{t) =0 is called a Galoisian Resolvent of {A) for R. A fundamental 
property of these resofvents is expressed in the 

Theorem : The roots of {A) are rational in any one of their roots, F,. 

For, let G^t) = be that one of the resolvents which admits F, = 
II, ajj + . • • + u,^ x„ as root. Let its degree be m^. The equation G,{ F») = 
is an identity in the u's when we take account of the relation (A) between 
the a;'s. Differentiate now with respect to «»^ : 

^G,{V:) 8K^ 86',(F,) ^Q 

dV 
But since —-^ = Xi, this gives : 

< 8g,(<; Ml, . . . u„) dG,(t; Ml, . . . M„) ^ 
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The denominator cannot vanish since G^ (t) has no equal roots. The equation 
(1) shows that x^, . . . x„ are rational in F». On the other hand the V'a by 
definition are rational in the aj's. Hence the solutions of /= and (r, = are 
equivalent problems. This justifies the name resolvent. As it is obviously 
immaterial which of the equations G^ = we take as resolvent, we shall for 
convenience of notation take Gi = 0. We shall call this the Galoisian Resol- 
vent and denote it often simply by G(t) = 0, writing also mi = m. 

11. Canonical form of a rational ftmction of one root of an 
algebraic equation. 

Theorem. Let Rbe a given domain and 

a;» + aia;'-i+ • • +a„ = (1) 

be a rational equation whose roots are |, ^i, • • • • in-v Any rational function 
■^{^) of one of them, |, can be brought to the form 

where ySo, /8,, . . . lie in R. 

For, by virtue of (1), all powers of f higher than n— 1 can be expresssd 
as integi-al functions of f of degree < n ; hence the most general form of -^ (f ) is 

where the a's and &'s lie in R. Multiply numerator and denominator by 
H^i) Hh) • • • A(f»-i). we have 

.,.. .9(g)^(f.) • • • M^>-i) 

Here the denominator is a symmetric function of all the roots of ( 1 ) ; it is 
therefore a quantity in R. The factor A (f,) A (fj) • • • ACIn-i) is an integral 
symmetric function of w — 1 of the roots of (1). By the theorem of § 3 it is 
an integral rational function of f . 

Qorollary. Every rational function <f>(Xi, . . . x„) of the i-oots of (^A) 
can be brought to the form 

4,(x,, . . . x„) = J-o + r, Fi + rj Tl + • . . + r„.i Fi™"! (3) 

where the r's lie in R. 

For, by § 10, all the aj's are rational functions of F„ which is a root of 
G(t) = of degree m. 
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12. Galoisian Group. Let the roots of 6^ (0= (1) 

be Fi, Fj F„; (2) 

they are derived from Vi by the substitutions 

G; Si = 1, .sj, . . . . «„. (3) 

These substitutions enjoy the following three properties embodied in the 

Theorem : 1°. Every rational function <j> (Xj, . . . a;,) of the roots of 
(A) which remains unaltered for G lies in M, i. e. is rationally known. 

2°. If <f>(xif . . . x„) is rationally known it remains unaltered for G. 

3°. The substitutions G form a grouja, — the Galoisian Gboup of {A) 
for the domain It. 

Proof, 1°. If 4>{^ii • • • ^n) remains unchanged for G it lies in M. 
For, by §11, (3) we can write 

<f>(x„ . . . x„) = ro + n F, + . . . »•„., F,"-> = ylr( F,) , (4) 

the r's lying in R. Apply to (4) the m substitutions of G. Since <^ re- 
mains unaltered we have 

which gives ^ = i { ^ ( Fi) + -f ( T'^) { . (5) 

The parenthesis is a rational symmetric function of the roots of (1), and is 
hence rational in its coefficients t. e. (f> is rationally known. 

Remark. This reasoning shows how ^ may be actually computed in terms 
of known quantities. 

2°. If <^ (osi, . . . a;„) lies in iZ, it is unaltered by G. For, on this 
hypothesis, 

^ (0 -4> = r^i <<»-» + r„..r-« + . . . . r,< + ( r-o-.^) = (6) 

is a rational equation. By virtue of (4) it admits the root ^ = Vi. Hence 
(6) admits all the roots of (1). Hence 

<^ = V^(Fi) = t(F2) = ^(F„). 

These equations state that ^ (ajj, . . . «„) = ^ ( Fi) remains unaltered for <?. 

3°. The substitutions G form a group. For, consider the integral func- 
tion of t 

»(0 = (^-F,,)(«-F..)....(<-F.J 

which forms the left hand side of (1). Its coefficients lying in R, are unaU 
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tered by G, by virtue of 2°. On applying a substitution «, of O we have then 

G{t) = {t- V,^){t- F.^.^) ....(<- V.^.;). 
This shows that G (t) vanishes for 

As (t (<) does not vanish identically, these quantities are, aside from their 
order, identical with (2). Moreover F,^ never equals F,^ unless Sa = «6; 
hence the substitutions a„ «»«„ »m»« »re» aside from their order, iden- 
tical with (3). Hence the product of any two substitutions of (3) is a substi- 
tution of (3), {. e. G forms a gioup. 

It must be kept in mind that the term Galoisian group of an equation 
has no sense unless taken in connection with a definite domain. We shall 
sometimes call it the group of (A) for B. 

Definition. If ^, ■^ are rational functions for a domain R of the roots 
of (A) , ^ = •^ is called a rational equation or relation between these roots 
with respect to R. 

Corollary. In every rational equation <f>=ijr between the roots of (A) 
the substitutions of G may be applied and the result is a true equation. For 
^ — ■^, being equal to zero is a rational function of the roots lying in R and 
therefore by 2° is unaltered by G. 

Remark. "While in any rational equation between the roots we can effect 
a substitution of the Galoisian group it is not true that we can apply a substi- 
tution at will, outside of G. 

Example. 3?— 1 = 0, x^ = e^'''^, « = 0, 1, 2. Take as domain R(l), 
and as a rational relation Xj a^ = 1. On applying (0 1 2) this relation goes over 
into XoX^=l. This is false as a;o Xj = Xj ^i 1. 

13. Cbaracteristic properties of the Galoisian Group. The 

properties 1°, 2° of §12 completely determine the Galoisian group G, i. e. any 
group r having these properties is identical with G. 

1°. Suppose we know of a group T that all rational functions of Xj, • • • x„ 
remaining unaltered for T lie in R. Then T contains G. 

For let Vi take on the values F, = F', F", F'", ... for T. The equa- 
tion ff= (t— V) (t— V") . . • • = is rational, since its coefficients are sym- 
metric in F', F", . . . and therefore unaltered by T. It admits the root 
t = Vi of G(t)=zO; hence H=0 admits all the roots of G = 0, i. e. 
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^H ^'a> • • • • ^m are among the roots of H=: ; and hence the substitutions of 
the Galoisian group are in T. 

2°. Suppose we know of a group T that all rational functions of Xj, • • • x„ 
lying in It are unaltered for T. Then G contains T. 

For the rational function G (V) lies in li, since its value is zero, and by 
hypothesis it is unchanged for T. Applying the substitutions of T U) G (V)=0 
gives : 

= G( V) = G ( V") = G ( V") = . . . . 

Thus the roots of H= are among those of G(t) — 0, and hence F is contained 
in G. V and 2° give the 

Theohem : The Galoisian group for a given domain is unique. 

14. Further properties of the Galoisian Besolvent and Group. 

From the uniqueness of the group of an equation for a given domain we de- 
duce at once the 

Theorems : 1°. The Galoisian group is independent of the particular 
n ! valued function chosen. 

2". We get the same Galoisian group whichever resolvent G^ (<) = tee 
take. 

3°. The functions G„{t) are of the same degree. 

15. Determination of the group of the general equation of 

degree n. Let the coefficients of (A) §8 be independent variables. Then 
(A) is a general equation. We seek its group. 

Theorem : ^or a domain li containing the coefficients and any arbi- 
trary constants, the group of the general equation of degree n is the symmetric 
group 8n of degree n. 

To prove this we have only to show that G (t) =0 is of degree n ! In 
G ( Vi) = replace Vi and a^, . . . o„ by their expressions in the x'a. Since 
the result is an identity in the independent variables, x^, . . . x„, we can per- 
mute the x's and still have a true equation. Thereby the a's, being S3Tnmetric 
in the x's, remain unaltered, while V^ goes over into T^, Fg, . . . F^.. Since 
G (t) =0 admits these F's as roots, its degi-ee is n ! 

16. Criterion for irreducible equations. Transitivity. 

Definition. A substitution group on a number of elements, which per- 
mits us to replace any one of these elements by any other is called transitive, 
otherwise intransitive. 
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Theorem. An equation f {x) = (x — Xj) • • • • (x — x„) =0 is irreduci- 
ble for li if its group G for this domain is transitive, otherwise f{x) = is 
reducible. 

1°. If/=0 is irreducible, G' is transitive. For, if intransitive, suppose 
its substitutions permit us to replace Xj by Xj, x^, . . . x^ but not by 
^'m + i » • • • • ^»- Evidently G contains no substitution which replaces an 
element of the first set by one of the second. Consider now the equation 

g{x) — {X— X,) (x — x,„) = 0. Its coefficients are unchanged by G, 

hence g — is & rational equation. Having one root in common with the irre- 
ducible equation /= 0, ^'(x) is divisible by/(x), hence §' = is identical with 
/=0. 

2°. If (r istransitive,/=Ois irreducible. Forsay5'(x) — (x — x,) • • • • 
(x — x,„) were a rational factor of /(x). In the rational relation g(Xi) =0 
apply the substitutions of G. It goes over into g(x^) =0 « = 1, 2, . . . . n. 
Hence g — admits all the roots of /= and is thus identical with/= 0. 

17. Group belonging to a rational function of the roots. Let 

f{x) = be an equation whose coefficients lie in a given domain R. Let G 
be its group for R. Consider now the rational functions of its roots. Some 
of these, viz., the symmetric functions, will lie in R in every case. Let 
<^(a,, . . . x„) be a rational function which does not lie in R. Then it is altered 
by some of the substitutions of G and unaltered for others. 

Theorem. The substitutions a, b, c, . . . of G which do not alter <^ 
fortn a subgroup H of G. 

For, by hypothesis, <})a — 4>i, = <j>. In the rational equation <f>a = <i> apply b. 
The result is, by the corollary of §12, a true equation. Hence (^„j, = <^i,= (f> ; 
that is, ab leaves (j) unaltered and, being in G, is also in IT. Hence the sub- 
stitutions of ^form a group. We say H belongs to <j> or H is the group of <^. 

Remark. While it is true that the substitutions of the Galoisian group 
which leave 4> unaltered form a gi'oup, this is not true for substitutions in gen- 
ei-al. 

Example. The substitutions of the symmetric group S^ which leave the 
rational function <^=x, Xj, where x, rre-"' ' unaltered do not form a group. 

18. national functions belonging to a group. Definition. A 
rational function <f> (x^, . . . x„) which is unaltered for a subgroup H of G, 
but is altered for all other substitutions of G, is said to belong to H. 

Such functions can be formed without limit. For let \\ be any n ! valued 
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rational function, and t an indeterminate. Let Vi, ... F^. be the values Vi 
takes on for H. Consider the product : 

The coeiBcients A, being symmetric functions of Fj, . . . V^ are unchanged 
for H. Hence g (t) is, for all values of < in i?, a rational function of the 
roots Xi, . . . a;„ unaltered by H. But, on properly choosing <, it is altered by 
every other substitution of G. Let s^ be such a substitution, X = r + 1, . . . m. 
On applying s^, g {t) goes over into g^ (t) = f + A'l T"^ + • • • + A'^. As the 
coefficients of g—g^ are not all zero, we can choose t in these m — r functions 
so that g — g^^a. For, being polynomials of degree r — 1 in t, each one of 
these differences g — g^c9,n vanish but for r— 1 values of t ; and these we can 
avoid. 

19. Actual determination of the Galoisian Group- As before 
let G{t) = be the Graloisian resolvent for R. The polynomial G{t) may be 
viewed from two standpoints. By virtue of the expression, 

G{t) = {t-\\){t-V^)..{t- F„), 

where F, = u,^Xi + u^^x^+ • . + m,^ x„, 

Ave may consider it as an integral rational function G{t ; Xi, . . x„) of the 
indeterminate t and the x's. On the other hand we may consider it as an in- 
tegral rational function G{t; Mj, . . u„) of t and Mj, . . «„• 

Considered as a function of the a;'s, G{t ; Xi, . . . x^) belongs to the Gral- 
oisian Group §§12, 18. Considered as a function of the m's, the group of 
G{t ; Ml, . . M„) is readily found. In fact, consider any substitution a, of the 
symmetric group /S',,. By definition «, converts Vi = Wi Xj + • • •+ m„ x„ into 
l^a = "., Xi + . . . + u. x„. 



»i 



If we write Vi in the form Fj = u^^ .r.^ + . . . + u^^ x.^ we see that s^ 

must be «^= ( "' * * ' '" ) . 

\Xi . . . x„ / 

The inverse substitution «:' is .s:' =( ^ ' ' "V 

Vx.|. .X. y 

Consider now the substitutions <r^=z( ' ' ' " ) 
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which we get from «;* by replacing there the x's by the m's. The substitution «7-, 
also converts Vi into F^. In particular we observe that the substitutions <r 
which convert Vi into Fj, F^, . . . V^, the roots of the Graloisian resolvent, 
are those corresponding to «l'= 1, «* , . . s'^. But these are merely the substitu- 
tions of the Graloisian group, 1, «2» • • •'*m in another order. Hence the substitu- 
tions r= (o-j, <rj, . . . «7-,„), and only these, convert Vi into Vi, V^, ... V„. 
Therefore a substitution o-a not in T changes the value of G(t; Mj, . . u„), since 
the corresponding substitution «i' changes the value of G(t; x^, . . x„) which is 
only G(t;Ui, • • m„) viewed from the other standpoint. Hence to find the group 
G we seek the group T and replace in it the m's by the x's. To find the group F 
we need only to apply the substitutions <r of the symmetric group in the u'a 
to the function G{t; «,, • • u„) and remember that here G(t; Mj, . . u„), 
G{t; u^, . . M, ) are equal or unequal according as they are foiinally equal 

or not. 

There is a trivial ambiguity which arises from the feet that we do not 
know which one of the factors of F (x) = G^ (t) G^ (()••• is G\ (t) . 
The only effect this can produce is that of assigning to the roots their indices 
in a different order, and this is entirely immaterial. 

Application of the Galoisian Group to solve equations. 

General theory. 

20. Reduction of the Group on adjoining <l>(xi, . . .x„). Let 4> 
be a rational function of the roots of the given equation (A) which does not 
lie in li. Let its group be JET. 

Theorem. The adjunction of <j> reduces the Galoisian group of f(x) =0 
toll. 

For, let the enlarged domain be R' = li' (li, <l>), and for this domain let 
T be the Galoisian group sought. Evidently T is contained in G, since T is 
determined by that irreducible factor of F(t) which admits Fi as a root, and 
this is certainly a fector of Gi (t) . T can contain no substitution of G not in 
H, since <f), which lies in our present domain iB',is altered for such substitutions 
(§12, 2°). On the other hand 7 contains H, since all rational functions for 
R' are of the form ijr (<f>, R),&nd these are manifestly unaltered for jET ( § 13, 2°) . 
Hence T=H. 

21. Relation between rational functions belonging to same 
group. Let ^(xj, . . x„), -^(xi, . . . a;,,) be two rational functions for li 
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belonging to the same subgroup H of the Graloisian group of / (a;) = for R. 
Then </> and •^ are rational functions of each other. For adjoin one of 
them, as <^. The Galoisian group is now H, the cun-ent domain Ii'(R,<f>). 
But §12, 1° shows that •^ is a rational function of ^ for H, since ■^ is un- 
changed for IL 

22. Besolvent for <f>. Let <f> = 4>i belong to JI & subgroup of G of 
index r. Let the substitutions of II he 1, a, b, c, ... . Then by §7 we can 
an-ange the substitutions of G in the array 



(-4) 



1 a b c 
n.t asj ftsj f«2 



•V ci-% ^'V ^■•V • • • 
For brevity let <t>^ = 0,. These <^'s are distinct. For, if ^, = 0, then 
A ., = ^, which requires that s, «;* is a substitution h of H. But from 

l' K 

.s', .rj = A we have s^ = /« .s, which is impossible. The substitutions of the row 
containing s, change <f> into <f>,, and the substitutions of the other rows change 
(f> into a <l> different from <l>^. Hence if> takes on exactly the r values 
cf>i,<t>2, . . . 4>r- These are called conjugate functions. Consider the equation : 

Its coefficients being unchanged for G lie in It. It is thus a rational equa- 
tion for li. It is iiTcducible in li. For let ^ (y) be a rational factor of <I> (y). 
In the rational relation ^ ((^i) = we can apply all the substitutions of G 
and these change <f>i into <^i, . . ^y. Hence "^ (y) is divisible by 4>,andthei-e- 
fore <J> is in-educible. The c<iuation <I> (y) = is a resolvent of the given 
equation, for, as we shall see, its resolution is a step toward the solution of the 
given equation. 

23. Besolvents for H. The results of § 22 can be looked at from a 
diflerent standpoint. Let //be any subgroup of G of index r. To it belongs 
an infinity of rational functions <f>{Xi, . . x„). Any one of them is root of a 
rational iiTeducible equation «I>(y) = 0. Hence to any subgroup of G belongs 
an infinite system of rational resolvents. 

24. Solution of an equation by rational resolvents. Suppose 
now we solve one of these resolvents, say ^(y) = 0. Let ^ be that one of 
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its roots which belongs to H. This root is now a known quantity. For the 
domain R'{R, <f>) the group of f(x) = ia H. As it is a subgroup of G its 
order is less than that of the original group. But for the domain Jl' and 
group IT we can reason just as we did for It and G. For let / be a subgroup 
of JI of index s under IT. To / belongs an infinite system of iTitional irreduc- 
ible resolvents for the domain If, of degree s. Let ^ = be one of those, 
and let y^ be that one of its roots belonging to /. Suppose we solve '^ = ; 
then ■i^ is a known quantity. The adjunction of ■^ produces the domain 
Ii"(R, 0, -yjr) for which the group of f(x) = is /. Proceed in this way 
to build resolvents and adjoin their roots. After each adjunction, the group 
of f(x) = is reduced ; it finally reduces to the identical substitution. 

In this last domain, i?**\ lie the roots Xi, . . . x„. For being unchanged 
by the substitutions of the present Graloisian Group viz., the identical substi- 
tution 1, they must lie in i?(^\ by § 12, 1°. Hence these roots Xj, . . a;„can 

be got by i-ational operations on (j>, yjr, Theoretically, they can be got 

as follows. For a particular domain, the degree of the Graloisian resolvent 
is the same as the order of the Galoisian Group for that domain. Hence when 
the group has been reduced to the identical substitution, the degree of the cor- 
responding resolvent is one. That is, it has the form G(t) =t + a = 0, where 
a is a known quantity in Ii'-^'> . But as Vi is a root of G(t) = 0, we have 
\\ = — a. In § 10 we saw how to get x^, . . x„ rationally from Vi. 

25. Adjtmctioii of several of the roots of a rational resolvent. 
Conjugate groups. In the preceding article we adjoined each time only one 
root of each resolvent. It is often convenient to adjoin several roots of the 
same resolvent. The resulting group is easily determined. Turn to the array 
A in §22, and let us find the substitutions y of G which leave <^» unaltered. 

Let^, = <^, be unaltered for y; then <f>^ =<^., y, ••• <^i = ^ -i • ' • •">"<7-*'< = 'i 
a substitution of II. .•. y = s'^h .v,. 

Definition. The operation .v' ( • • • •).sona substitution (• • • •) is called 
tiunsfomiation by s. 

Thus the substitutions of G which belong to <t>^ ai'e got from those of H 
by transfoiining these by «». 

These substitutions 

K; 1, »;'«»., «;'^««, • • • 

form a group ; for the product of two of them is 

s'} • b.s, = 6-:' • ab • s. 
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which is a substitution of H^ since ah is a substitution of H. For conformity 
of notation, set H= Hi. The groups 

H = Hi, Hi, .... Hr, 
which belong respectively to the conjugate functions 

<^ = ^1, <^2» • • • 0r> 
are called conjugate groups. We sometimes write H^ — s'^Hs^. 

Suppose now, instead of adjoining <f> — <f>i, we adjoin any root, say <f>^ of 
<!> (y) = 0. Then the reasoning of §20 shows that the group after this ad- 
junction is H,. Let us adjoin any two roots ^„ <j>^. The group can now 
contain no substitution of G which changes either <^, or ^„ it must lie in the 
group of substitutions C, which are common to H^ and H^. Obviously by 
tlie reasoning at the close of §20 it contains C .•. the group is C The same 
remarks apply when we adjoin any nmnber of the roots of 4> = 0. In each 
case the resulting Graloisian group is the group of substitutions common to the 
groups belonging to these functions. 

26. Adjtinctioiiof alltherootsof $ = 0. Invariant subgroups. 

This case is of particular interest. The group O corresponding to this case 
we denote by /. Let its order be e. 

Definition. A subgroup ^ of a group A is an invariant subgroup if it 
remains unchanged when transfonned by all the substitutions of A. 

Example. The group 1, (123), (132) is an invariant subgroup of the 
sjTnmetric group in three elements S3, as is seen by actual trial. Other ex- 
amples are given in §33. 

Theorem. The group I is an invariant subgroup of G. 

For let pr be a substitution of G, and i one of /. Then g-^ ig is in /. 
For g'^ converts any one of the <^'s, say ^„ into say 4>p- This last is un- 
changed by i ; hence it is converted back to <^, on applying g, since g is the 
inverse of g'^. Hence g'^ig leaves all the ^'s unchanged and is thus in /. 

27. Another solution. Series of composition. Definition, li 
Crj be an invariant subgroup of G, such that G contains no invariant subgroup 
containing G^, it is a maximum invariant subgroup of G. 

Definition. The series of groups 

G, Gx, Gi, . . . G,,= l 
such that each is a maximum invariant subgroup of the preceding gi'oup, is 
called a series of composition of G. 
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It is often possible to decompose a group G into a series of composition in 
several ways. 

Example. Take (^g = } 1 , » = ( 1 2 3 4 5 6 ) , «S s^, ,,4^ gs j _ xhe subgroups 
r3=|l,s^, s*| and T^= \^, i^\ are maximum invariant subgroups of Cg. 

HcncG 

Co, Ts, 1 and Cg, T^, 1, 

are two distinct series of composition of Cg. 

These notions established, the following solution of our equation suggests 
itself. Let G be the Galoisian Group of the given equation. Take a max- 
imum invariant subgroup Gyoi G and build a corresponding resolvent ^i = 0. 
Since the conjugate groups of Gi are identical vrith Gi, the conjugate func- 
tions, that is the roots of 4>x = 0, are rational in one another. The effect of 
adjoining one of them is the same as that of adjoining all. After their adjunc- 
tion the Galoisian group is Gy. Take now a maximum invariant subgroup 
Crj of Gi and proceed as before. The solution of the given equation depends 
by this method upon a chain of resolvents 

^1 = 0, $2=0, ...^, = 
corresponding respectively to 

Gi, (t2, . . . Cta = 1 

which are the elements of a series of composition of G. Such a chain of re- 
solvents is of especial importance as we shall now see. 

28. Group of a rational resolvent. Isomorphism. Whichever 
of the above methods we employ to solve the given equation, the solution de- 
pends finally upon the solution of a chain of resolvents 

^1 = 0, ^I'.,= 0, 

It is natural to apply Galois' methods to the solution of these. To do this 
the first requirement is to find their Galoisian Groups for their respective do- 
mains of rationality. These are obtained as follows. Suppose at a given 
moment the domain is R, and the group of the given equation is G. Let 
U, I, <I>, <^i, <f>2, . . <f>r have the same significance as in §§22, 26. Denote the 
substitutions of 7 by 1, a, b, c, and let p be the index of /under G. We can 
arrange G in the array : 

la b . . . 

9i cffi ^9i • • 
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Since <^i, . . . (f)^ are rational functions of Xi, . . . »„, let us apply to them 
a substitution of G ; this will effect a substitution among the ^'s. Obviously 
the substitutions in one and the same row in (B) produce the same substitu- 
tion on the ^'s ; and no substitution in one row of (B) produces the same 
substitution among the ^'s as a substitution in another row. For, since the 
substitutions in the same row produce the same substitution on the ^'s we can 
reason on the first substitutions in each row. K now g, produces the same 
substitution on the <^'s as g„ certainly g'^ produces the reverse effect on the 
<^s from that of g,. Hence g, g'^ leaves all the ^'s unchanged ; hence g,g'^ = d, 
a substitution of /; or g, = dg,, i.e. g, is in the same row asg^. 

There are thus exactly p substitutions of the ^'s. Call them 

•/; a, 0, y, . . . 

To every substitution of G corresponds one substitution of J but to one sub- 
stitution of J correspond e substitutions of G, viz., all the substitutions on a 
certain line of (B). 

If .<f, t be substitutions of G^ to which a, r correspond in J, then to st 
\\ ill eoiTespond or. Evidently if «', t' be in the same rows respectively as s, t, 
then to s't' will correspond also <r r. Obviously the substitutions Jform a group. 

Definition. If the substitutions of two groups ^4 = { Oj, %, . . . j and 
B =] ^1, 6j, . . . } can be put in correspondence so that : 1° to one substitu- 
tion of A, corresponds one of B, while to one of ji5 correspond m of -4 ; 2° if 
f\ b^ corresponds to a, a„ when 6„ b^ correspond to c., a^ ; then A, B are said 
to be isomorphic, and the isomorphism is in fact m to 1. Evidently to any 
subgroup of A corresponds a subgi-oup of B and conversely. In particular 
to an invariant subgroup of B will correspond an invariant subgroup of A. 

From this definition follows that G, J have an e to 1 isomorphism. 

We can prove now the 

Theobem : TJie Galoisian grovp o/^ = Ofor the domain li, is the group J. 

For, 1". Every rational function yjr{(f>i, <f>i, . .) unaltered by J" lies in li. 
For, replacing the <f>'s by the a's, we have 

As -yjr is unaltered by J, x is unaltered by G and hence lies in II. 

2°. If tjr lies in i?, it is unaltered by J. For if yjr lies in R, so does x- 
But then x is unaltered for G, hence -yfr is unaltered for J, 

Hence by §12, J is the group of ^ = 0. 
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29. Group of a resolvent corresponding to a mazimiun inva- 
riant subgroup. Simple groups. 

Definition. A group which contains no invariant subgroup besides 1, 
is called simple. 

If the subgroup H oi G used to form a resolvent <J> = is a maximum in- 
variant subgroup, the group J" of ^ = is simple. For if J' had an invariant 
subgroup K^ 1, G would have an invariant subgroup which would contain H. 

If the group J of a, resolvent <i> = is not simple the reasoning of the 
preceding paragraphs shows that its solution can be made to depend upon a 
chain of resolvents of simpler nature than $ = 0. If, however, J is simple 
this cannot be done. Thus resolvents which correspond to a series of compo- 
sition are the simplest that can be chosen. Hence their theoretical importance ; 
hence also the importance of the notion of a series of composition. 

30. Cyclic equations. Factors of composition. The case when 
the index of an invariant subgroup H under G ia a prime p, is of special in- 
terest. Such a group is obviously a maximum group, and the group J of the 
corresponding resolvent ^ = being of order ^ consists of the j? powers of a 
cyclic substitution. 

Definition, An equation whose group is cyclic is called a cyclic equation. 
Hence in the present case $ = is a cyclic equation of prime degree, p. 

Definition. Let G, G^, G^, . . . Gx, be a series of composition of G. Let 
f^ be the index of G^ under G^i. Then/i,y^, . . .fx are called factors of com- 
position of G. 

liemark. We can show that however we decompose G into a series of 
composition, the factors of composition, aside from their order, are identical. 
They are an invariant of the group. We shall not make use of this fact, for 
the present. The example of §27 illustrates the invariance of these factors. 
In one case we get 2, 3 ; in the other 3,2. 

The above results may now be expressed in the 

Theorem. The chain of resolvents corresponding to a series of composi- 
tion whose factors of composition are all primes, is made up only of cyclic 
equations of prime degrees. 

Such equations can be solved algebraically, as we now show. 

31. Solution of cyclic equations 4> (x) = of prime degree p. 

Let iB be a domain which, besides containing the coefficients of the given 
equation $ (x) = 0, contains an imaginary j?th root of unity, p. For this 
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domain let the group G of 4> = be cyclic. Call the roots of ^ = 0, 
a;(„a;j, . . Xp.i and set 7= (0, 1, . . p—l). 

Then (?=Sl,7,7«, . . .7/'-ij. 

Consider now the rational functions : 

^/, = a;o+/xi+ • • • • + /('^i) Vi ; A = 1, 2, . .jj- 1. 
On applying 7 they go over into p'* 0. Hence 6^ = ©^ are unchanged for 7 
and hence for G. They therefore are rationally known, and can thus be 
found (Remark §12, 1°). On extracting aj9th root we get: 
(a) xo + /x-i +....+ /("-I'x^^i = ^e* ; /< = 1, 2, . . i^-l- 

To com{)lete this system observe that the left hand side of 

CO Xo + xi + . . + Xp.i = yWo 

is, aside from its sign, equal to the coefficient of x'^^ in ^ = 0. To conform 
with the previous notation call this Ij/Sq. To solve the system, (a), (b), ob- 

serve that 1 p'" = for /t = 1, 2, . .p—l and =/» for A= 0. Hence to get 

.=0 

X, multiply the equations (a) resj)ectively by />"*', h= 1, 2, . .^ — 1, and add 
the resulting equations to (6). We get, dividing by^, 

X. =1 2' p-'" ^e, K = 0,l,2, . .p-1. 

The j)th roots which enter hei-e mast be determined uniquely. To do this fix 
one of them say ^qT. The others are rational in this one, for 

(Xo + /»*X, + . . + p(P-l>" Xp.i) (Xo + /3 X, + . . + /3"-i Xj,.i)P-* = A^ 

remains unaltered for 7 and hence for G. Its value A,^ can thus be expressed 
in known quantities (Remark §12, 1°). Hence 



'=^,2F'""A(^ei)' 



Remark. The reasoning above applies to a cyclic equation of any degree 
q, if /9 be a primitive gth root of unity. 

From this we have the 

Theorem : Cyclic equations can be solved algebraically i. e. by extraction 
of roots from known quantities. 

This theorem together with that of §30 gives us a sufficient condition in 
order that a given equation can be solved algebraically. 
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Theorem. In order that an equation can be solved algebraically it is 
sufficient that its group admits a series of composition whose factors are all 
primes. 

We shall see in Part II that this condition is also necessary. 

Application of the General Theory to the Solution op Biquadratic 

Equations. 

32. General Statexaent of method. The general biquadrutic : 

(1) f(x) = a;* + aj a;» + a^x^ + a^x + a^ = 0, 

whose roots we denote by Xi, x^, x^, a;^, affords an excellent example to illus- 
trate the methods of Galois' theory. 

We suppose the coefficients to be indeterminate ; the roots will then be 
independent variables. Thus equality between two rational functions takes 
place only when they are formally the same. As domain of rationality H, we 
take a domain containing the coefficients and such constants as we choose. 

Fori?, the Galoisian group G of (1) is the symmetric group S4 in 
Xi, X2, X3, X4, § 15. All possible schemes for solving (1) are indicated on 
finding all the subgroups of G. Any subgroup H oi G gives us an infinity 
of rational resolvents 4> = 0, '*' = 0, . . . con-esponding to the infinity of ra- 
tional functions <^, -1^, . . . . belonging to H. The roots <j>, y^, . . . of these 
different resolvents corresponding to IT &re rational in one another, § 21. 
The solution of one of these, say ^ = 0, and the adjunction of one or moi'e 
of its roots reduces the group of (1) to a definite subgroup Gi of G, ^ 25. 
With (xj we can proceed as before. The solution of (1) can thus be varied in two 
ways 1° by taking diflierent sets of subgroups to form our resolvents, 2° by taking 
dilFerent rational functions belonging to a given subgroup. The former oflers 
a finite, the latter an infinite variety to choose from. All the solutions of the 
biquadratic equations, and their number is immense,* which have been pro- 
posed, must be reducible to this scheme. The Galoisian theory enables us, 
thus, to seize what is essential in each of these solutions and to see clearly 
their interrelations. 

33. The subgroups of S4< A simple train of reasoning permits us 
systematically to find all these. For our purpose the following groups suffice : 

•C/. L. Matthiessen. Orundziige der AnCiken und Modernen Algebra. Leipzig, 1878. 
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^1^ ; The alternate group of S^ : 

1, (12)(34), (13)(24), (14){23), (123), (124), (134), 
(234), (132), (142). (143), (243). 

O ; The octic group : 

1, (1324), (18)(24), (1423), (12), (34), (12)(34), (14)(23). 
A ; The axial gi-oup : 

1, (12)(34), (13)(24), (14)(23). 

B ; The semi-axial group : 

1, (12)(34). 

By actual trial we find that Ai is an invariant subgroup of Si- Further 
A is an invariant subgroup ot At ; and £ is an invariant subgroup of A. We 
observe, moreover, that A is also invariant for Si since it embi^aces all the sub- 
stitutions common to the octic group and its conjugates. 

A series of composition of St is thus 

Si Ai, A, B, 1 
whose factors of composition are 

2, 3, 2, 2. 

We give now three methods of solution of which the second and third are 
well known. 

34. First solution (Series of composition). We form our 
first resolvent by taking a rational function belonging to the alternate group Ai. 
The simplest such function is the product of the differences of the roots : 

<^= (Xj-Xj) (x,-a5s) (Xi-Xi) (aJa-Xs) (x^-Xi) {x^-Xi), 

whose square is the discriminant oi f{x), 

A=^(4i!-/D 

where i^, I^ are the quadratic and cubic invai'iants of/": 
^ = a* — 3 ai a^ + 12 04, 

/g = 27 a* «< + 27 a\ — 9 Oj a^ 03 — 72 a^ 04 + 2 a^. 
Our first resolvent is thus. 
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On adjoining <^ = y/A, our domain is R'{R, <f>) for which the group of 
(1) iaAi. 

Our next subgroup is the axial group A. A rational function belonging 
to this is -(^ = Xi CBj + «8 X4. This gives the resolvent : 

■^ = ip _ a.^ ip 4. (aifls — 4:ai)ir — \at(a\ — 4a2) + a*} =0. 

The solution of this cubic gives i^ as a known explicit algebraic function 
of quantities in JR. Adjoin y^, giving the new domain R"{B, <f>, ■^). For this 
domain our group is A. 

The next subgroup is the semi-axial group B. To this belongs 

X = (^1 + ^) - (*» + ^*) 
root of the quadratic 

X = X* - (4 1^ + a*, - 4 aj) = 0. 

Solving this, gives x as an algebraic function of known quantities. Ad- 
joining it our domain becomes B'" (B, ^, -^y x) ^or which the Galoisian group 

isB. 

The next group is the identical group 1, to which Xj belongs. Its corre- 
sponding resolvent is 

Solving this, we find ojj, whose adjunction gives a domain B^''(B, <f>, -i^, x.^'i) 
for which the group is 1 and in which all the roots must lie. To show this we 
notice that Xi obviously lies in i?^. That x^ is there, we see by observing that 

Xi+x^ = -i(aj-X), ••• X2 = -Xi-iai + ix- 
Turn now to x,, x^. The cubic ^ = is cyclic ; hence its roots, i/r', -f" 
are rational in yfr. Hence 

(a;, - X2 ) (Xs - a;*) = V'' - V^" = a 

must lie in B^^ as we actually show in a moment. 

Now we have just seen that Xi — x^ = ^ and Xj + Xj = 7 lie in i?^. Hence 
/3(J53 — X4) = a, together with Xi + Xj + Xj + x^ = 7 + Xj + X4 = — Oj give Xg, X4, 
which therefore lie in B'^. 

To calculate a we observe that 

<1) a-yjr-yjr- (^_^^)(^^") 
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But the numerator here is the square root of the discriminant of '^ = and 
this is the same as the discriminant of (1). The denominator is obviously 
■^'(•^) , the accent indicating differentiation. Hence a = y/A/'?'' (i/r) , a quantity 
obviously in R^. 

35. Second solution (Lagrange). To build the first resolvent 

Lagrange starts with the octic group O. As a function belonging to this group 

he uses :* 

<^= { Ca;, + a^) - («3 + a;4) p 

whose conjugates are ^i= \(xi + Xs)—{x.i + Xt)Y^,<li2= j (xi + x^)— (0:3 + aij') }*. 
giving the resolvent; 

* = (^3 _ (3^,2 _ j^^,^-) ^2 + (Sfflf - IGa? <i2 + 16a2 + Ua^ a^ - dicu) <f> 
- (of- 4», 0-2+803)2 = 0. 

Solve this and adjoin all its roots, giving the domain Ri{It, 4>, <^m 4>i)- ^^r 
this the group of (1) is the axial group A, §34. 

Tsike as next subgroup, the semi-axial group B. As a function belonging 
to this Lagrange takes 

^= (Xi + X^)- (X3 + X4), 

which gives obviously the resolvent 

^ = •^* - <^ = 0. 

Adjoining tfr, our domain becomes It^ (It, ^, <^i, (f)^, yfr) , for which the 
group is B. 

The next and last group is 1. To this belongs 

X = (xi + X3) - {x-i + x^) 
which gives the resolvent 

X = X* - <^ = ('• 
The adjunction of x reduces our group to 1, and now all the roots are in 
the resulting domain, Ri{Ii, <^i, <^, <^, i^, x) 5 ^r, 

Xi+ X, — X3 — Xi = i/r = ± y/^, 
(«) Xi + Xs — X.2 — X4 = X =_± V<^i. 

a-'i + oci — Xs — Xj = ± ^<f>^, 

Xi + Xj + X3 + X4 = — O], 



♦Observe that the letters <fy ft X do not represent the same functions In the different solu- 
tions. 
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which give 

a;« = i(-a± V^± V^iiV^i) («=1, 2,3,4.) 

Here we choose at will the signs of y/<^, ^<f>i. The sign of y^c^^ is then 
determined for 
(6) V<^V*^i* V*^* = 4 «! ffj — af — 8 aj. 

36. TMrd solution (Invariants). The principles being here the 
same as in §34, §35 we indicate the solution briefly as follows : The sub- 
groups employed are the same as in the first solution §34, viz., the alternate, 
the axial, the semiaxial and the identical group ; but the functions used to 
build resolvents corresponding to the second and fourth groups are different. 

t,tc 

A; ■^= (xi — Xj) (x3—x^) ; ^=i/r^ — /j i/r+ y'A = ; Conjugate roots 
•^1 = (^i — ^3) (^ — ^'2) and -^i = (xi — Xt) (Xi — x's) . 

1; ^=(Xi+X8)-(xj+X4); H = f-i(ff?-8«,+ 4./r_4t.,)=0. 

Here we determine a;,, Xj, Xj, x^ by a set of equations similar to (a) §35 
using the relation corresponding to (6) . To do this we need yjri, yjr^- We pro- 
ceed as in the corresponding case of §34. To this end we need only the 
numerator of (1) §34, viz. : (V^ — ■^i)(V' — V^i)(V^i — "^2). This, we observed, 
is the scjuare root of the discriminant of ■*• = which here is / 1. Taking the 
proj)er sign, on extracting the square root we have 

(^ - V'j) {^|r - Vr,) {f, - ^^) = I,. 
Nkw Haven, Cons., February, 1900. 



